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We demonstrate an effective method for calculating bound-to-continuum cross-sections by exam-
ining transitions to bound states above the ionization energy that result from placing the system of
interest within an infinite spherical well. Using photoionization of the hydrogen atom as an example,
we demonstrate convergence between this approach for a large volume of confinement and an exact
analytical alternate approach that uses energy-normalized continuum wavefunctions, which helps to
elucidate the implementation of Fermi’s Golden Rule. As the radius of confinement varies, the re-
sulting changes in physical behavior of the system are presented and discussed. The photoionization
cross-sections from a variety of atomic states with principal quantum number n are seen to obey
particular scaling laws.
I. INTRODUCTION
While undergraduate students usually encounter
bound-to-bound transitions,1 they typically have little ex-
perience with understanding and performing calculations
on transitions of a bound-to-continuum nature, as exem-
plified by ionization and molecular dissociation. Fermi’s
Golden Rule,2
Γi→{j} =
2π
~
∣∣∣〈j| Hˆ ′ |i〉∣∣∣2ρ(W ) , (1)
provides an expression for the transition rate from an ini-
tial bound state i to the infinitude of continuum states
{j} in a small energy range centered aboutW with ρ(W )
being the density of states with the same symmetry as j.
While this is often presented3 for a time-independent per-
turbation, Hˆ ′, this rule can also apply for an sinusoidal
perturbation, Hˆ′(t), with angular frequency ω, by set-
ting Hˆ ′ = Hˆ′(t)/(eiωt + e−iωt), rendering Hˆ ′ again time-
independent.4–6 However, when applying Fermi’s Golden
Rule it is not immediately clear how to interpret the
product of ρ(W ), which is infinite for states in the con-
tinuum where all energies are allowed, and the mean of
the square of the matrix element which incorporates the
space-normalized wavefunctions {〈j|}, which have zero
amplitude as they extend over all space.
In this paper we use two methods to resolve this math-
ematical dilemma, and in doing so provide a concrete
demonstration of the consistency between them. We
thereby elucidate some of the subtleties of Fermi’s Golden
Rule which are often omitted in texts of introductory
quantum mechanics,1,7,8 but are important to under-
stand for its applicability. The first method uses a par-
ticular form of normalization for the continuum states
called energy-normalization,9 which we introduce below.
The second method involves placing the system in an in-
finite well (box normalization)10 which causes all states
to be bound so that states in the previously continuous
regime become discretized, allowing the familiar tech-
niques from a bound-to-bound approach to be used to
perform bound-to-continuum calculations.
We use as an example photoionization of hydrogen,
the process whereby the atom absorbs incident light such
that the electron is no longer bound to the system. Per-
forming calculations related to a confined hydrogen atom
is not a new concept,11–17 but past calculations of this
kind have been done primarily to determine the proper-
ties of the atom inside a confining structure, and here we
use confinement as a tool to determine the properties of
the unconfined system.
This paper is organized as follows: in Section II we
introduce the concept of a cross-section, apply it to more
familiar bound-to-bound photoexcitations, and provide
results specific to the hydrogen atom. In Section III we
examine bound-to-continuum transitions, using an ana-
lytical approach for the unconfined atom, introduce en-
ergy normalization, and reproduce, for later comparison,
exact calculations of photoionization cross-sections for
hydrogen, the archetypal charged binary system. In Sec-
tion IV we implement box-normalization, demonstrate
convergence for increasing radius of confinement, and
show that calculations using this method agree with the
exact calculations from the previous section.
Two commonly encountered constants used through-
out this paper are a0, the Bohr radius (= 4πǫ0~
2
/(
mee
2
)
≈ 5.29×10−11m), and Ry, the Rydberg unit of energy
(= mee
4/[(4πǫ0)
2
2~2] ≈ 2.18×10−18 J).
II. CROSS-SECTIONS FOR
BOUND-TO-BOUND TRANSITIONS
A physical parameter that quantifies the absorption of
light by a sample of atoms with some distribution of ini-
tial states is the cross-section, σ. The average photon
absorption rate per atom due to an incident narrowband
photon flux, F (photons/unit time/unit area), is given18
by Γ = σ(ω)F , and thus the cross-section indicates the
average effective area of an atom presented to the light at
angular frequency ω. By considering the photon absorp-
tion rate of a single weak incident beam (i.e. assuming
negligible population inversion) traveling in the positive
2x-direction within a thickness dx of a sample, it can be
shown that the intensity of the light, I(x), obeys
dI
dx
= −σ(ω)NI, (2)
where N is the number density of all particles. Eq. (2)
is often given in textbooks as the definition for σ.
For bound-to-bound transitions between two partic-
ular quantum states, a standard semiclassical treatment
using the time-dependent Schro¨dinger equation for a nar-
rowband, weak incident light beam gives19
Γi→j =
πω
cǫ0~
∣∣∣〈j| dˆ |i〉∣∣∣2 g(ω − ω0)Fǫ, (3)
where dˆ is the electric dipole moment operator due to
all charges in the atom, Fǫ is the incident photon flux
with polarization ǫ which couples the transition i→j, and
g(ω − ω0) is the lineshape of the transition with
∫
g dω =
1. In general, however, many atomic levels are degenerate
and light can couple many of these states, so the average
absorption rate per atom for an ensemble of atoms is
given by
Γ =
∑
{i, j}
Γi→j Ni/N , (4)
where the summation runs over all pairs of states coupled
by the incident light, and Ni/N is the fraction of atoms
in each initial state |i〉.
It is usual to report absorption cross-sections that as-
sume the atoms are evenly distributed among all 2J + 1
possible M initial states. This distribution is frequently
encountered, and Γ is then by symmetry independent of
the polarization characteristics of the incident light. For
ease in deriving this cross-section, we will arbitrarily con-
sider incident light which is linearly polarized along the z-
axis (π-polarized, so ∆M=0). For a transition γJ→γ′J ′
this gives
σ =
πω
cǫ0~
g(ω − ω0)
2J + 1
∑
M
∣∣∣〈γ′J ′M | dˆz |γJM〉∣∣∣2 , (5)
where dˆz is the z-component of the electric dipole mo-
ment operator. For the particular case of nℓ→n′ℓ′ tran-
sitions within the hydrogen atom, neglecting electron and
nuclear spin, this gives
σ =
πωe2
cǫ0~
g(ω − ω0)
2ℓ+ 1
|Dnℓ→n′ℓ′ |2
×
∑
m
∣∣∣∣∣∣
2π∫
0
π∫
0
Y mℓ′
∗
(√
4π
3
Y 01
)
Y mℓ sinθ dθ dφ
∣∣∣∣∣∣
2
=
πωe2
cǫ0~
g(ω − ω0)
2ℓ+ 1
|Dnℓ→n′ℓ′ |2
∑
m
ℓ2max −m2
4ℓ2max − 1
=
πωe2
3cǫ0~
ℓmax
2ℓ+ 1
|Dnℓ→n′ℓ′ |2 g(ω − ω0) ,
(6)
where the angular integral was evaluated using Ref. 20,
ℓmax is the greater of ℓ and ℓ
′, |ℓ− ℓ′| = 1, and the ra-
dial matrix element is defined in terms of the well-known
space-normalized radial wavefunctions, Rnℓ, by
Dnℓ→n′ℓ′ =
∞∫
0
R∗n′ℓ′r Rnℓ r
2 dr. (7)
It follows that the integrated cross-section, a commonly
presented quantity that reflects the overall strength of a
transition by integrating σ over all incident frequencies,
ν, is given by∫
σ dν =
ωe2
6cǫ0~
ℓmax
2ℓ+ 1
|Dnℓ→n′ℓ′ |2 . (8)
III. CROSS-SECTIONS FOR
BOUND-TO-CONTINUUM TRANSITIONS:
ENERGY-NORMALIZATION
One approach to evaluating the problematic product
described in Section I is to use energy-normalized wave-
functions for the continuum states, defined by:21∫
all
space
Ψ∗WΨW ′ dτ = δ(W −W ′) . (9)
Integrating overW ′ on both sides for an arbitrarily small
range centered about W gives another representation of
this equation:
∫
all
space
Ψ∗W
W+∆W∫
W−∆W
ΨW ′dW
′dτ = 1. (10)
We examine a hydrogen atom with space-normalized
continuum wavefunctions j = Y mℓ RWℓ (i.e. a ra-
dial wavefunction with zero amplitude) and show that
multiplication by
√
ρ(W ) (which is infinite) gives
energy-normalized finite-amplitude wavefunctions satis-
fying Eq. (10). The left hand side of this equation takes
the form
∫∫
all
space
∫ √
ρ Y mℓ
∗R∗Wℓ
W+∆W∫
W−∆W
√
ρ Y mℓ RW ′ℓ dW
′ dτ
=
∞∫
0
r2R∗Wℓ
W+∆W∫
W−∆W
RW ′ℓ
dn
dW ′
dW ′ dr
=
∞∫
0
r2R∗Wℓ
n+∫
n−
RW ′ℓ dn dr =
∞∫
0
r2R∗WℓRWℓ dr ≡ 1,
(11)
where we have used in the first step that each ρ is dn/dW
evaluated at W and W ′ respectively, with W ′ bounded
3by W ± ∆W , and in the final step the integral over n
is unity since there is only one radial wavefunction RW ′ℓ
which is not orthogonal to RWℓ.
The photoionization cross-section for hydrogen can
then be derived from Fermi’s Golden Rule by including
the density of states within the bra:
〈√
ρ j
∣∣, and using for
this energy-normalized continuum wavefunctions (energy
W > 0) with radial component:22
R enWℓ(r) =
√√√√√√ 2
ℓ∏
s=0
(
1 + WRys
2
)
(
1−e−π
√
4Ry
W
)
Ry a30
(2r/a0 )
ℓ
(2ℓ+ 1)!
× e ira0
√
W
Ry
1F1
(
ℓ+1−i
√
Ry
W
; 2ℓ+2; −2i r
a0
√
W
Ry
)
.
(12)
The normalization constants herein can be derived by ap-
plying Eq. (10) to the asymptotic form of the radial wave-
function, and these result in wavefunctions that when
multiplied by r tends to an oscillatory function with con-
stant amplitude of
(
a20π
2WRy
)−1/4
for large r.10 Note
that for W = − Ry/n2 the functional form of Eq. (12),
which contains 1F1 (a; b; z), the confluent hypergeomet-
ric function,23 reduces to that of the well-known general-
ized Laguerre polynomials for hydrogenic bound states.
Again assuming a uniform distribution of initial m
states and employing π-polarized light with electric field
amplitude E0, and identifying Hˆ
′ to be dzE0/2 , Eq. (1)
becomes
Γnℓ→Wℓ =
1
2ℓ+ 1
2π
~
∑
m
∣∣∣∣
〈
Y mℓ′ R
en
Wℓ′
∣∣∣∣dzE02
∣∣∣∣Y mℓ Rnℓ
〉∣∣∣∣
2
.
(13)
By equating E20 to 2ωFπ~/cǫ0 , the photoionization cross-
section can be seen to be:
σ =
4π2ωa0
c
2Ry
2ℓ+ 1
|Dnℓ→Wℓ′ |2×
∑
m
∣∣∣∣∣∣
2π∫
0
π∫
0
Y mℓ′
∗
(√
4π
3
Y 01
)
Y mℓ sinθ dθ dφ
∣∣∣∣∣∣
2
=
4π2ωa02Ry
3c
ℓmax
2ℓ+ 1
|Dnℓ→Wℓ′ |2 ,
(14)
where ~ω = W + Ry
/
n2 . By analogy to Equation (7),
we define
Dnℓ→Wℓ′ =
∞∫
0
R enWℓ′
∗ r Rnℓ r
2 dr, (15)
which can be evaluated exactly for any n, ℓ, and ℓ′ to
determine the photoionization cross-section as a function
of energy. We have calculated this cross-section from a
variety of initial states and show them in the following
section, demonstrating agreement with the result from
box normalization calculations described below.
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FIG. 1. (color online) The energies of states as a function of
radius of confinement. The inset shows an additional curve
representing the potential energy as a function of r on the
same scale.
IV. CROSS-SECTIONS FOR
BOUND-TO-CONTINUUM TRANSITIONS: BOX
NORMALIZATION
A second approach commonly proposed to resolve the
mathematical dilemma described in Section I is to place
the system in a box of finite size, so that the problematic
terms are neither zero nor infinite.24 We now demonstrate
this approach, showing that the results converge to the
correct values as the volume tends to infinity.
The potential energy of a hydrogen atom contained in
a spherical well of radius r0 with origin located at the
atom’s center of mass is
U(r) =
{
− 2Ry a0r r < r0
∞ r ≥ r0.
(16)
We start by solving the Schro¨dinger equation to find
the allowed energies Wnℓ(r0) and energy eigenfunctions
for such a confined hydrogen atom. As the system re-
mains spherically symmetric, the wavefunctions retain
the standard Y mℓ angular portion of the free hydrogen
atom.
We adopt the functional form of Eq. (12) for each
confined radial wavefunction, RWnℓℓ, and introduce the
boundary condition:
RWnℓℓ(r0) ≡ 0. (17)
Allowed energies under this condition were found nu-
merically for fixed ℓ and r0 using Mathematica, and
agree with those found previously by Aquino et al.17 The
boundary condition represented by Eq. (17) has the effect
of raising the energies from those of the free atom bound
states, as shown in Figure 1. The inset illustrates that
the energies begin to rise more dramatically when the ra-
dius of confinement, r0, is such that the state no longer
has a region of exponential decay. States previously in
the continuum no longer exist since there is no contin-
uum; we call those bound states which rise to an energy
4greater than the ionization limit pseudocontinuum states,
and relabel their energies W , dropping the subscript nℓ
to distinguish them from those of the (Coulombically)
bound states.
These bound and pseudocontinuum wavefunctions
were then numerically space-normalized in the usual way.
We wish to find prefactors for each of the initial and fi-
nal states which will have the property of causing the the
radial matrix element to tend, as r0→∞, to that given
in Section III for the free atom.
We define the density of final states with a par-
ticular symmetry ρ (W ) for the confined atom to be
2/(W+−W−) whereW+ (W−) is the energy of the adja-
cent state with the same symmetry above (below) |RWℓ〉.
Thus, as r0 goes to infinity so too will the density of states
above the ionization limit. Furthermore, from Section III
as r0 →∞, pseudocontinuum statesRWℓ (r) assume zero
amplitude in such a way that√
ρ (W )RWℓ(r)→ R enWℓ(r) , (18)
and for (Coulombically) bound states, trivially
RWnℓℓ(r)→ Rnℓ(r) , (19)
where in each case R, the confined-atom wavefunc-
tion, is space-normalized, and R enWℓ and Rnℓ are energy-
normalized and space-normalized, respectively. The
free atom bound-to-continuum radial matrix element in
Eq. (15) can therefore be readily found from
DWnℓℓ→Wℓ′ ≡
r0∫
0
√
ρ (W )R∗Wℓ′ rRWnℓℓ r
2 dr (20)
r0→∞−−−−→ Dnℓ→Wℓ′ . (21)
We have calculated the photoionization cross-sections
for the hydrogen atom using the infinite well approach
for 1s→Wp for a variety of values of r0 and show in
Fig. 2 that it converges towards those found using ex-
act calculations from Section III, which agree with those
from Ref. 25. The data at r0 = 20a0 and r0 = 50a0
is sparse as the densities of states at these radii of con-
finement are quite low; all allowed final energies in the
range shown are plotted. With r0 = 1500a0, there
are sufficiently many states in the energy range shown
to produce a smooth curve on the scale of the figure.
The consistency with Fermi’s Golden Rule is now ap-
parent, in which the density of states evolves from an
inverse energy difference: multiplication of the square of
the matrix element by the density of states is mathe-
matically equivalent to instead using an energy- rather
than space-normalized continuum wavefunction. It can
be seen that the cross-section converges to the true con-
tinuum case from above as r0 increases. This can be
attributed to the fact that while rRWℓ tends to a con-
stant amplitude as r →∞, it does so from below; thus at
low r the amplitude is slightly reduced from this value.
Therefore when the wavefunction is truncated at finite r0
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FIG. 2. (color online) The photoionization cross-section for
1s → Wp. The results from the infinite well approach are
shown with triangles for r0 = 20a0, circles for r0 = 50a0, and
a dashed line for r0 = 1500a0 , and the solid line is the ex-
act calculation. The last two are shown in the inset for large
energies, along with the dotted line showing the Born approx-
imation.
before reaching its final amplitude, R2Wℓ decreases dis-
proportionately to increases in r0. This results in the
DWnℓ→Wℓ′ of Eq. (20) taking slightly too large a value for
finite r0. The inset of Fig. 2 shows that this calculation
works for a large range of final-state energies, over the
entire non-relativistic regime. At high energies, the cross
section can be seen to approach that predicted by the
Born approximation,25 which for a transition ns → Wp
takes the form:
σ
W→∞−−−−→ 2
9πa30Ry
9/2
3c~n3
W−7/2 . (22)
An alternative measure of the likelihood of a
bound-to-continuum transition is the oscillator strength
distribution,26 dfdW , which is related to the cross-section,
by
df
dW
=
c~
8a30Ry
2π2
σ, (23)
and for completeness these values are given in the figures
as well.
We also show in Fig. 3 a plot to illustrate that this ap-
proach works for a range of values of initial n. Higher n
results in a greater cross-section for low ejection energies,
and a lesser cross-section for high ejection energies. This
relates to the general observation27 that high n (Ryd-
berg) states are strong absorbers of long-wavelength ra-
diation. The peak cross section occurs at threshold; for
ns→ (W=0)p, this simplifies to
σ =
27n5π2a20
411
(
∞∑
m=0
2m (1−n)(m) L(3)−5−m(−2n)
m!
)2
,
(24)
where L
(α)
n (x) is a generalized Laguerre polynomial, and
(1− n)(m) = (1− n) (2− n) · · · (m− n) is the Pochham-
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FIG. 3. (color online) The photoionization cross-section for
{5, 10, 20} s → Wp. The exact calculations are shown as lines,
with symbols showing results using the infinite well approach
with r0 = 1500a0. Ry is the Rydberg unit of energy.
mer function, which becomes zero for any m ≥ n, forcing
the sum to terminate.
V. CONCLUSION
We have presented two methods for calculating bound-
to-continuum cross-sections: the first employing energy-
normalization and the second, box-normalization, and
demonstrated convergence between them, using pho-
toionization of the hydrogen atom as a concrete exam-
ple. We thereby elucidate some quantitative aspects of
Fermi’s Golden Rule and show the product of the density
of states and a space-normalized continuum wavefunction
to be mathematically equivalent to using only an energy-
normalized continuum wavefunction.
ACKNOWLEDGMENTS
The authors wish to acknowledge NSERC for financial
support. We thank Bill Atkinson for critical reading of
the manuscript, and Eric Brown and Jaclyn Semple for
preliminary discussions.
∗ ralphshiell@trentu.ca
1 David J. Griffiths, Introduction to Quantum Mechanics,
(Prentice Hall, Upper Saddle River, NJ, 1995).
2 J. J. Sakurai, Modern Quantum Mechanics, (Addison Wes-
ley, Redwood City, CA, 1985).
3 E. Fermi, Notes on Quantum Mechanics, (Univeristy of
Chicago Press, Chicago, IL, 1961), p. 100.
4 P Atkins and R Friedman, Molecular Quantum Mechanics,
5th ed. (Oxford University Press, New York, NY, 2011),
p. 199.
5 A. F. Starace, “Photoionization of Atoms,” in Atomic,
Molecular, and Optical Physics Handbook, edited by
G. W. F. Drake (American Institute of Physics, Melville,
NY, 1996), p. 301-309.
6 Note that for more general electromagnetic wave packets,
a full-time-dependent analysis is required; see Refs. 28,29
for more details.
7 Richard L. Liboff, Introductory Quantum Mechanics, 4th
ed. (Pearson, San Francisco, CA, 2003).
8 B. H. Bransden and C. J. Joachain, Quantum Mechanics,
2nd ed. (Pearson, Harlow, 2000).
9 R. D. Cowan, The Theory of Atomic Structure and Spectra,
(Univeristy of California, Berkeley, CA, 1981), p. 517.
10 J. Tellinghuisen, “The Franck-Condon Principle in Bound-
Free Transitions,” in Photodissociation and Photoioniza-
tion, edited by K. P. Lawley (John Wiley & Sons, New
York, NY, 1985), p. 310-311.
11 M. A. Maize, M. A. Antonacci and F. Marsiglio, “The
static electric polarizability of a particle bound by a finite
potential well,” Am. J. Phys. 79 (2), 222-225 (2011).
12 W. Wilcox, “A formula for energy displacements for the
confined hydrogen-atom,” Am. J. Phys. 57 (6), 526-528
(1989).
13 A. J. C. Varandas and L. J. A. Martins, “On the stability
of a hydrogen-like atom - The particle in a spherical box
revisited,” J. Chem. Ed. 63 (6), 485-486 (1986).
14 C. Laughlin, B. L. Burrows and M. Cohen, “A hydrogen-
like atom confined within an impenetrable spherical box,”
J. Phys. B: At. Mol. Opt. Phys. 35 (3), 701-715 (2002).
15 M. Capitelli and D. Giordano, “Energy levels of atomic
hydrogen in a closed box: A natural cutoff criterion of
the electronic partition function,” Phys. Rev. A 80 (3), 5
(2009).
16 Lj. Stevanovic´, “Oscillator strengths of the transitions in a
spherically confined hydrogen atom,” J. Phys. B: At. Mol.
Opt. Phys. 43 (16), 11 (2010).
17 N. Aquino, G. Campoy and H. E. Montgomery, “Highly
accurate solutions for the confined hydrogen atom,” Int. J.
Quant. Chem. 107 (7), 1548-1558 (2007).
18 Hans A. Bethe and Edwin E. Salpeter, Quantum Mechan-
ics of One- and Two-Electron Atoms, (Dover Publications,
Mineola, NY, 2008), p. 296.
19 Peter F. Bernath, Spectra of Atoms and Molecules, 2nd ed.
(Oxford University Press, New York, NY, 2005), p. 18.
20 Richard N. Zare, Angular Momentum, (John Wiley &
Sons, New York, NY, 1988), p. 183.
21 L. D. Landau and E. M. Lifshitz, Quantum Mechanics:
Non-relativistic theory, 3rd ed. (Pergamon Press, Oxford,
1991), p. 16.
22 A Burgess, “Tables of hydrogenic photoionization cross-
sections and recombination coefficients,” Mem. Roy. Astr.
Soc. 69, 1-17 (1965).
23 I. S. Gradshteyn and I. M. Ryzhik, Tables of Integrals,
Series, and Products, 5th ed. (Academic Press, San Diego,
CA, 1994), p. 1085.
24 Jay Orear, A. H. Rosenfeld and R. A. Schluter, Nuclear
Physics, (University of Chicago Press, Chicago, IL, 1950).
25 U. Fano and J. W. Cooper, “Spectral Distribution of
Atomic Oscillator Strengths,” Rev. Mod. Phys. 40 (3),
441-507 (1968).
26 Thomas F. Gallagher, Rydberg Atoms, (Cambridge Uni-
versity Press, Cambridge, 1994), p. 40. Note: there is a
typographical error in equation (4.15); the denominator
6should have only one factor of c.
27 F. Merkt and A Osterwalder, “Millimetre wave spec-
troscopy of high Rydberg states,” Int. Rev. in Phys. Chem.
21 (3), 385-403 (2002).
28 T. Seideman, “Time-resolved photoelectron angular distri-
butions as a probe of coupled polyatomic dynamics,” Phys.
Rev. A 64 (4), 042504 (2001).
29 J. A. Yeazell, M. Mallalieu et al., “Classical periodic mo-
tion of atomic-electron wave packets,” Phys. Rev. A 40
(9), 5040-5043 (1989).
